Abstract. Let A denote a commutative ring with identity. We suppose A contains a field k of characteristic zero. Let Ci[(A) and d: A -> S¡l(A) denote the A -module of first-order A:-differentials on A and the canonical derivation of A into Q¿(>4) respectively. If 21 is an ideal of A which is flat as an A -module, then xdy -ydx e %2Q]l(A) for all xj> in St. We give examples in this paper which show that the converse of this statement is false. We also show that if 21 is a maximal ideal of a Noetherian ring A, then xay -ydx e ^¡[(A) for all xy in Si does imply ä is flat.
1. Introduction. Throughout this paper, A will denote a commutative ring with identity. We shall assume that A contains a field k of characteristic zero. We shall let C¡l(A) denote the ^4-module of first-order A:-differentials of A. Thus, fi¿04) = I/I2, where / denotes the kernel of the multiplication map fi: A ®k A -» A which is given by /i(2 a¡ ®k a'¡) = 2 a¡a¡. We shall let d: A -* Slk(A) denote the canonical -derivation on A. If x and v are two elements of A, we set Ad(x,y) = xd(y) -yd(x). If 21 is an ideal of A, and x,y e 31, then clearly A/x, v) S 2tñ¿(v4). We shall say that Si satisfies condition (£>) if bd(x, y) G 9I2B¿(^) for all x, y E 31. It is a well-known fact that if 91 is a flat ideal of A ; i.e. if 31 is a flat A -module, then 91 satisfies condition (£)). A proof of this remark can be found in [4] .
In [1] , the converse question was explored. That is, when does condition (D) imply 31 is a flat ideal? In [1] , it was shown that if A is a regular local ring containing a field k, then every ideal 31 in A which satisfies condition (D) is flat. If A is not regular, then the question of when condition (Z)) implies flatness is much harder to study. The best result obtained in [1] In view of the above-mentioned result and other evidence collected in [1] , it seemed reasonable that the following conjecture (made in [1] ) was true: Let (A, m, k) denote a one-dimensional local domain, essentially of finite type over k. If 31 is an ideal of A which satisfies condition (£>), then 31 is flat. In this paper, we shall give an example which shows that this conjecture is false. We shall also give an example of a complete local domain of dimension one which is not monomial and contains nonflat ideals satisfying condition (£)). We shall show that if A is a Noetherian ring which contains k and p a prime ideal of A satisfying condition (D) , then/» must be a regular prime of height less than or equal to one, but/j need not be flat. 2 . Some examples We first give an example which shows that the conjecture mentioned in the introduction is false.
Example I. Let k be an arbitrary field of characteristic zero, Let A denote the local ring at the origin of the plane curve Q: Y2 = X2(X + 1) in A2.. Thus, A can be written in the form A = k[x,y\x y). Here v2 = x2(x + 1), and k[x, y\x<y) denotes the finitely-generated, integral domain k[x, y] localized at the maximal ideal (x, v). We set 31 = (x2, xy). We note that 21 is a stable ideal with transversal x2 (see [3] for definitions). If 21 is flat and, consequently, principal since A is local, then 2Í = (x2). But then v = Xx for some X G A. This implies A is a regular local ring which is not the case. Thus, 2Í is not flat. We shall show that 21 satisfies condition (£>).
If A is any ring containing k, and 21 = (a, b) is any two-generated ideal of A, then one easily sees that 21 satisfies condition (D) if and only if Ad(a, b) e 2I2fl{(y4). Thus, in our example, we must show Ad(x2, xy) e (x4, x*y)Slk(A). Now A¿(x2, xy) = x3dy -x^dx. Since x + 1 is a unit in A, x2 = (x + 1)~V2. Also, v2 = x2 + x3 implies 2ydy = (3x2 + 2x)dx. Making these substitutions in x3dy -x^ydx, we get Ad(x2, xy) = [2(x + \)]-lx3ydx e 2I2ñ¿(^). □ If we pass to the completion A oî A in Example I and consider the ideal 2t = 2L4, then 31 satisfies condition (D) but is not flat. A is a complete local ring of dimension one. If k is algebraically closed, then A is not an integral domain (6 is not unibranched). On the other hand, if A: is the rational numbers, then A is a domain. In attempting to get rid of this example by putting more hypotheses on A, we are led naturally to the following problem: Let the triple (A, m, k) denote a complete local domain A of Krull dimenson one, with maximal ideal m and residue class field k. We assume k is an algebraically closed field of characteristic zero which is contained in A. Suppose 31 is an ideal of A which satisfies condition (D). Is 3Í flat? The answer to this question is no as our next example will show.
Example II. Let k be any field of characteristic zero. Let t be an indeterminate over k and consider the formal power-series ring
A is a discrete, rank-one valuation ring with valuation v. A -»Z+ u {0, oo} given by v(t) = 1. Set hx = t5 -(5/16)i8, h2 = (16/5)^' + (8/5)/14 and h3 = f'6 -(2/ll)i22 + t23. We now consider the subring A oî A which consists of all power-series (coefficients in k) in the elements hu h2, h3 and /' for /' > 24. Thus,
Since any semigroup of positive integers is finitely generated, we see that A has the form A = k[[hy, h2, h3, t24, t25, . . . , /r]] for some r sufficiently large. Thus, A is a complete local domain of dimension one. The quotient field of A is clearly k((t)): the quotient field of A; A is the integral closure of A in k((t)) and k is the residue-class field of A. Set m = (/i,, h2, h3, t24, . . ., tr); m is clearly the maximal ideal of A and {A, m, k) forms a triple as discussed above, provided we take A: algebraically closed.
Let v(A) = {p(x)\x & A] denote the value semigroup of A. We claim that 23 G v(A). To see this, we proceed as follows: If 23 G v(A), then 23 = p(g) for some g El A. We could then write g = a,A, + a2h2 + a3h3 + aAh2 + a5h\ + a6hxh2 + a7/i1/i3 + otsh3 + a9h2h2 + al0h4 + yt24 with a" a2, . . . , a10 G k, and y G A. A simple arithmetic computation, carefully noting the »'-values of these summands, shows that this is impossible. Therefore, 23 G "(A). Now set 31 = (t24, t41) c A. We note that no nonzero multiple x2i of 21 is flat. For suppose there exists a nonzero element x of A such that x2l is flat. Then x2l = {xt24, xt41) is principal. Say (xt24, xt41) = (y). The smallest value any element in x3l can have is v(x) + 24. Therefore, v(y) = v(x) + 24. But then xt41 = \y for some À in A implies 23 E v(A). Thus x3l is not flat for any x =£ 0. We shall complete Example II by arguing that some nonzero multiple x3I of 31 satisfies condition (D). Let Since ^ has Krull dimension one, m' c (x2I)2 for some / sufficiently large. Thus, x2y2 G (x2l)2Q|(^).
Since Ad(xt24, xt47) = x^i/24, t41) = x^y, + x^z G (x%)2ü[(A), we conclude that x2t satisfies condition (D). Since x3l is not flat, Example II is now complete. □ In light of Example II given here, it is now clear that the positive result for monomial rings mentioned in the introduction to this paper is about as good as one could hope to get. Let A denote a Noetherian ring which contains a field k of characteristic zero. Let p denote aprime ideal of A which satisfies condition (Z>). Then the local ring Ap is regular, and p has height less than or equal to one.
Proof. The same proof as in the theorem implies that A is a regular local ring with pAp flat over Ap. Thus, the dimension of Ap is at most one. Therefore, Ap is regular, and height (p) < 1. □
In the corollary, we can conclude that pAp is flat. Thus, pAp is also flat over Ap. However, since p may not be maximal, we cannot conclude that p itself is flat. In fact, p may not be flat as our concluding example shows.
Example III. Let k be any field of characteristic zero, and let X, Y, Z and T be indeterminates over k. in &lk(A). Now tllk(A) is spanned as an ,4-module by dx, dy, dz and dt. We, therefore, have a surjective map 9: A4 -* £lk(A) given by 9(av a2, a3, a4) = axdx + a2dy + a3dz + a4dt. From the relations on A, we see that the kernel K of 9 contains the four-tuples (x, 0, 0, 0), (0, y, 0, 0), (y, x, 0, 0), (-z, /, -x, y) and (/ -1, 0, 0, x). Now (-y, x, 0, 0) = (/ -l)(y, x, 0, 0) + x(-z, /, -x,y) in A4. Thus, (-y, x, 0, 0) E K. So, xi/y -ydx = 0, and/7 satisfies condition (Z>).
We next claim that p is not a flat A -module. If p was flat over A, then p <8>A p ssp2 = 0. In particular, x ®^ x = 0 in p ®A p. We can now apply the usual Bourbaki lemma (e.g. see [5, p. 142] ) and conclude that there exist bu, bl2, b2V b22 G A such that the following equations are satisfied: 
